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Abstract

Large-scale aerobic bioreactors exhibit spatial gradients in dissolved oxygen and substrate from incomplete mixing and transport limitations, leading
to heterogeneous microenvironments that influence cellular metabolism and complicate scale-up. Classical well-mixed models cannot capture these
gradients, limiting their predictive power for industrial processes and their integration with whole-cell metabolic models. In this study, we present a
simple and extensible multi-vertical compartment model for an aerobic bioreactor, formulated as a system of coupled ordinary differential equations
derived from finite-volume discretization of the one-dimensional advection—dispersion—reaction framework. The reactor volume is divided into
vertically stacked compartments, each assumed well mixed locally while connected through axial advection and axial dispersion. Biomass growth
is described using dual-substrate Monod kinetics with substrate and oxygen limitation, and stoichiometric consistency is maintained through
yield-based uptake relations. Substrate feed is introduced at the top compartment, while oxygen transfer is modelled via a volumetric mass transfer
term, enabling counter-current gradients to emerge. The model is implemented in Python and solved using a stiff ODE integrator, allowing flexible
configuration of compartment number, operating parameters, and feed strategies. Simulation results demonstrate the emergence of spatial gradients
and their impact on biomass distribution under different operating conditions. This framework provides a computationally efficient bridge between
reactor-scale heterogeneity and whole-cell metabolic modelling.

Keywords: Compartmental modelling, Aerobic bioreactor, Axial advection, Axial dispersion, Dual-substrate Monod kinetics, Spatial heterogeneity,
Ginite-volume discretization, Whole-cell metabolic modelling j

Introduction scale models (GSMs) and whole cell kinetic models (WCKMs) [5-13],
are not expected to be accurate in predicting metabolite productions and
In large-scale aerobic bioreactors; environmental gradients, such as  usages in industrial bioreactor settings as they do not take such spatial
dissolved oxygen (DO) and substrate, arise due to incomplete mixing  heterogeneity into account [14].
is incomplete and transport limitations; resulting in microenvironments
that can alter metabolic activity, reduce biomass yield, and affect
product formation, leading to scale-up challenges not observed in
well-mixed laboratory bioreactors [1-3]. Classical reactor models
assume perfect mixing (ideal continuous-stirred tank reactors, CSTRs
[4]), which precludes spatial gradients and cannot account for the
heterogeneities that occur in industrial settings. By extension, this meant
that mathematical models of whole cell metabolism, such as genome-

To capture spatial structure with reduced computational cost compared
to full computational fluid dynamics (CFD) simulations which are
highly computational intensive [15, 16], compartmental models have
been developed. In these models, the reactor volume is discretized
into multiple well-mixed “zones” or compartments connected by finite
exchange flows. Each compartment has its own local concentrations of
reacting species, and exchanges between compartments represent bulk
circulation and dispersion in the reactor [17, 18].
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Mathematically, compartment models can be interpreted as
finite-volume discretization of the convection—dispersion—reaction
partial differential equations that govern transport and reaction in
the reactor. By assuming homogeneous concentrations within each
compartment and conserving mass across adjacent zones, a system of
coupled ordinary differential equations (ODEs) emerges. These ODEs
capture advection, dispersion (or mixing), biochemical reaction kinetics,
and external feed or gas transfer terms. The compartmental ODE
approach has been shown to reproduce spatially resolved behaviour
predicted by CFD while reducing computational cost by several orders
of magnitude, thereby enabling dynamic simulation of industrial
fed-batch processes in their entirety [18].

Dynamic compartmental models have been successfully applied
to industrial-scale aerobic fermentations. For example, Bisgaard et
al. [19] developed a data-based compartment model for a 600 cubic
metre Escherichia coli fed-batch fermentation in a bubble column
reactor, using flow-informed exchange rates to simulate substrate
and oxygen gradients and evaluate the impact of feed strategies on
mixing performance and overall process outcomes. Similarly, chemical
engineering research has detailed strategies for constructing dynamic
compartment models that allow volume changes during fed-batch
operations and maintain agreement with CFD predictions for glucose
and dissolved oxygen distributions in stirred tanks [18].

This suggests that it may be possible for compartment-based bioreactor
models to provide spatial information to whole cell metabolic models;
thereby, improving their predictive accuracy. Hence, this study presents a
simple and extensible compartment-based ordinary differential equation
(ODE) model of a vertical bioreactor which can be used to provide
spatial information to whole cell metabolic models. This compartment-
based model assumes that oxygen enters the bioreactor from the bottom
while substrate (the feedstock) enters from the top, which provides
a base model for extension to other flows in opposite directions. In
addition, the model can simulate any number of vertical compartments.

Single Compartment Bioreactor Model

Consider a single well-mixed, homogenous compartment representing
an aerobic bioreactor in which biomass, substrate, and dissolved oxygen
are spatially uniform due to sufficient mixing; and dynamically coupled
through growth, substrate consumption, and oxygen transfer. This
is consistent with classic bioreactor modelling and is suitable as the
building block for compartmental or scale-down analyses.

In classical Monod kinetics [20, 21], the specific growth rate of a
microorganism is depending on the limiting substrate S, u(S) = u, [S/
(K + S)]. However, when there more multiple limiting substrates; such
as, limiting substrate S and dissolved oxygen O; the specific growth
rate u(S,0) of a microorganism can be modelled using dual-substrate
Monod kinetics [22] where 4 is the maximum specific growth rate
under non-limiting conditions; K and K, are the Monod half-saturation
constants for substrate and oxygen, respectively; by capturing growth
limitation by the least available essential [23]: u(S,0) = u_ {[S/ (K, +
O/ (K, + O}

From a stoichiometric perspective, substrate and oxygen are
consumed in proportion to biomass growth. Under the assumption of
growth-associated uptake, the specific substrate consumption rate 7, and
the specific oxygen uptake rate r,, can be related to the growth rate via
yield coefficients; r,=— (u(S,0) X/ Y, ) and r,=— (u (SO) X/ Y, );
where Y,  is the biomass yield on substrate (g biomass per g substrate)
and Y, is the biomass yield on oxygen (g biomass per g oxygen).
These relations enforce elemental mass balance and are standard in
aerobic process models [24, 25]. Positive values of r and r,, represent
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consumption of substrate and oxygen, respectively. Hence, the net
biomass synthesis rate r, then captures growth proportional to existing
biomass, consistent with exponential growth kinetics when resources
are abundant [20], .= u (S,0) X.

The temporal dynamics of biomass (X), substrate (S), and dissolved
oxygen (O) in the well-mixed compartment are governed by ordinary
differential equations (ODEs) that couple biological reaction rates
with feed or dilution terms. Biomass increases with growth and can
decrease by dilution when there is an inlet feed flow F into a volume
(e.g., continuous operation). In fed-batch mode, F' = 0 for the biomass
equation but for generality the dilution term is included [3,7]: dX/dt =
u(S,0)X—(F/V)X.

Substrate is consumed to support biomass growth and may also be
introduced via feed at concentration S, . The second term represents
external substrate addition and dilution of existing substrate in the reactor
volume [3,7]: dS/dt = — (u(S,0)X /Y o) + [(F / V)(S, — S)]. Dissolved

oxygen is then modelled as dO/dt = [k,a(O* — O)] — (u(S5,0) X/ Y,,),
with k,a is the volumetric oxygen mass transfer coefficient, and O*is the
dissolved oxygen saturation concentration under prevailing temperature
and gas composition. The first term represents oxygen transfer from the
gas to the liquid phase, and the second term is the oxygen uptake by

biomass [26, 27].
Multi-Vertical Compartment Bioreactor Model

To account for spatial heterogeneity along the vertical axis of a stirred
bioreactor, the single well-mixed compartment model was extended to
a multi-compartment representation [17, 28]. The reactor volume " was
discretized into N vertically stacked compartments of equal volume V;
= V'/ N. Within each compartment , biomass (X), substrate (S,), and
dissolved oxygen (O,) are assumed spatially homogeneous while mass
exchange occurs between adjacent compartments via axial advection and
axial dispersion [29, 30]. Axial advection (or axial convection) refers to
the transport of a substance (like substrate, oxygen, or biomass) along
the length of the reactor due to actual fluid flow while axial dispersion
refers to the mixing or spreading of a substance along the reactor axis
due to molecular diffusion and turbulent fluctuations rather than actual
flow. This approach represents a finite-volume approximation of the 1-D
advection—dispersion equation and is commonly used as a reduced-order
alternative to full CFD modelling [1, 18].

Within each compartment, biological kinetics follow the same dual-
substrate Monod formulation [22] described for the single-compartment
case, u, = u, S,/ (K, + S)I[O,/ (K, + O)]}; with the local reaction
rates as r,, = u X, rg, = — (uX /Yy, and ro = — (uX, /Y, ). These
expressions are standard for aerobic growth under dual limitation [26],
and ensure stoichiometric consistency between biomass formation and

substrate/oxygen uptake.

Macroscopic circulation induced by impeller pumping produces
convective transport along the vertical direction. Axial advection is
represented as exchange between adjacent compartments using an inter-
compartment volumetric flow rate Q. For species C (representing X, S,
or 0), the net advective flux into compartment i [1] as: (dC/dY),, = [(Q/
VXC,,—C)1-1(Q/V)C ,—C, )] Turbulent mixing and macro-eddies
introduce diffusive-like spreading along the reactor height. This is
modelled using an axial dispersion coefficient D, . The discrete second-
order central difference approximation gives (dC/dt) s — (D, /4z)(C,,
—2C, + C,,) where 4_is the height of each compartment.

As a result, the mass balances for each compartment i = 1, ..., N, the
dynamic balances become
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dX/dt = u X + (dX/dt), , + (dX/dr) )+ (dS/dy)
wF (dS,/dt)dm where substrate feed introduced at the top compartment
is implemented as an inlet boundary condition dS /dt = ... + [(F/ V)
(S,,—S,)], and dO/dt = [k,a(O* - O)] - (u X,/ Y, ) +(dO/dY , + (dO/
dt) disp' For the bottom compartment, oxygen gas sparging is represented
through the same k,a term.

,dS/dt=—(uX,/ Y,

disp 7S

Implementation and Usage

The multi-vertical compartment model described above was
implemented in pure Python to allow efficient and flexible simulation
of bioreactor dynamics without resorting to computationally intensive
CFD simulations. The model is encapsulated within a VerticalBioreactor
class, which organizes the reactor into N vertical compartments, each
tracking biomass X,, substrate S, and dissolved oxygen O, This means
that the compartment 1 is the bottom-most compartment of the bioreactor
and compartment N is the top. The ODE system for all compartments
is solved simultaneously using the scipy.integrate.solve ivp() function,
with the stiff solver BDF [31, 32].

The Python implementation adopts a flat state vector structure, where
all compartment states are concatenated as [X, S, O, X,, S, O,, ..., X,
S,» O,,]. This arrangement allows straightforward mapping of computed
time derivatives back to the solver. Each compartment’s rate of change is
computed as the sum of local biological kinetics, axial advection, axial
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dispersion, and any applicable feed or gas transfer terms, following the
governing equations presented previously.

Model parameters are defined in a Python dictionary and can be easily
modified (see Table 1 for entire list of parameters). By default, the code
provides physically reasonable values for typical acrobic fermentations;
however, all parameters, including the number of compartments N, can
be overridden from the command line, enabling rapid exploration of
reactor configurations and operating conditions. For example, the model
can be executed for seven compartments and a longer simulation time
with the command “python compferm.py N=7 simulation_time= 30".

Initial conditions for all compartments are specified as vectors of
biomass, substrate, and oxygen concentrations, which are concatenated
into the solver state vector. Temporal integration is performed over
the desired simulation interval, and the solver returns time-resolved
concentration profiles for all compartments. These profiles can be
directly extracted into structured arrays for biomass, substrate, and
oxygen, enabling further analysis, plotting, or export. Simulation
results can be saved directly to CSV files, facilitating post-processing,
visualization, or integration with downstream metabolic models. For
instance, the Python implementation generates a table with columns for
time and compartment-specific concentrations of X, S, and O, allowing
convenient inspection of spatial and temporal gradients across the
reactor.

Parameter Default Value Unit Description
N 5 No unit Number of compartments
simulation_time 20 Hour Number of hours to simulate
number_of steps 500 No unit Number of time steps
filename result.csv No unit Name of result file
mu max 05 Per hour Maximum specific growth r'ate (E. coliz 0.6-1.2/h; Yeast: 0.3-0.5/h;
- Mammalian cells: 0.02-0.05/h)
Monod half-saturation constant for substrate; Low K S means high
K S 0.2 Gram per hour affinity for substrate. High K S means organism requires higher
substrate concentration to grow efficiently.
o0 Gamperbous AEson o or Gl e O3 st
Yxs 0.5 Gram per gram Gram of biomass yield per gram of substrate
Yxo 1.0 Gram per gram Gram of biomass yield per gram of oxygen
Q up 2.0 Litre per hour Upward liquid circulation rate
Q down 2.0 Litre per hour Downward liquid circulation rate
Axial dispersion coefficient representing turbulent diffusion /
D ax 0.5 Litre per hour back-mixing between adjacent compartments. Higher D _ax means
smoother gradients. Lower D_ax means sharper gradients.
\Y 1.0 Litre Volume per compartment, which is proxy to one unit of height.
S in 20.0 Grams per litre Substrate concentration in feed stream
O star 0.008 Grams per litre Oxygen saturation concentration

Table 1: Parameters for Model. “Litre” is used as proxy for a unit of height; hence, 0.5 litre per hour for axial dispersion (D_ax)

represents dispersion of half a compartment height.
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Finally, the model design is extensible: additional compartments, References

alternative feed strategies, variable oxygenation profiles, or more
complex reaction kinetics can be incorporated with minimal
modification to the core ODE solver. This implementation provides a
practical framework for linking compartmental bioreactor simulations
with genome-scale or whole-cell metabolic models, thereby enabling
predictive analyses of industrial-scale fermentation processes while
maintaining computational efficiency.

With this, a trial simulation using default parameter values can
be performed using “python compferm.py”. The result is shown in
Figure 1 suggesting that the biomass of all 5 compartment is relatively
constant despite substantially reduced dissolved oxygen in the top 2
compartments (compartments 4 and 5). Doubling the height (from 1
to 2 litres) and substrate demand (from 0.5 to 1 gram of substrate per
gram of biomass) changes the command from “python compferm.py”
to “python compferm.py V=2 Yxs=1.0” (Figure 2) demonstrates more
biomass variation between different compartments at about 11 to 12
hours as dissolved oxygen gets depleted. This suggests that the code is
executable.

Substrate Dissolved Oxygen

8 g Comp 1
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Figure 1: Simulation Results using Default Values.

Biomass Sutstrate

Figure 2: Doubling the Height and Substrate Demand from Default
Values.

Conclusion

A computationally efficient multi-compartment ODE model was
developed to capture vertical substrate and oxygen gradients in aerobic
bioreactors. The framework enables dynamic simulation of spatial
heterogeneity and offers a practical foundation for integrating reactor-
scale transport effects with whole-cell metabolic models.

Supplementary Materials

The Python simulation file, compferm.py, can be download at https://
bit.ly/compferm.
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